The recent paper by Hul et al. (Phys. Rev. Lett. 109, 040402 (2012), see Ref. [7] ) addresses an important mathematical problem whether scattering properties of wave systems are uniquely connected to their shapes? The analysis of the isoscattering microwave networks presented in this paper indicates a negative answer to this question. In this paper the sensitivity of the spectral properties of the networks to boundary conditions is tested. We show that the choice of the proper boundary conditions is extremely important in the construction of the isoscattering networks.
Introduction
More than 25 years were necessary to solve the problem expressed in the famous question Can one hear the shape of a drum?, posed by Marc Kac in 1966 [1] . It concerns the problem of uniqueness of the spectrum of the Laplace operator on a planar domain with the Dirichlet boundary conditions. The theoretical solution, indicating that in general the spectrum is not unique, was found in 1992 [2] and conrmed experimentally, using microwave cavities, two years later [3] . Similar problems were also considered in the context of quantum graphs [4] . For example, the question regarding the possibility of the determination of the geometry of a quantum graph in the scattering experiment was, on the basis of the theoretical considerations, recently answered in the negative [5, 6] .
We present here the results of the scattering experiment on microwave isoscattering networks simulating quantum isoscattering graphs where these theoretical predictions were tested. The experimental results were obtained for the frequency range 0.012 GHz which is broader than the one demonstrated in [7] . Furthermore, we tested the inuence of the boundary conditions on the construction of the isoscattering networks showing their crucial role.
Experiment
Quantum graphs can be considered as idealizations of physical networks in the limit where the diameters of the wires are much smaller than their lengths. They were successfully applied to model variety of physical problems, see, e.g., [8] and references cited therein. They can also be realized experimentally. Recent developments in various epitaxy techniques allowed also for the fabrication and design of quantum nanowire networks [9, 10] . In 2004 Hul et al. [11] showed that quantum graphs could be successfully simulated by microwave networks. The experimental conrmation of the existence of isoscattering networks simulating isoscattering graphs was demonstrated in a recent paper by Hul et al. [7] . A microwave network is a structure of N vertices connected by B bonds, e.g., coaxial cables. Each vertex i of a network is connected to the other vertices by v i bonds, v i is called the valency of the vertex i. We use the continuity equation for the charge and the current to nd the propagation of a Lecher wave inside the coaxial cable joining the i-th and the j-th vertex of the microwave network [11, 13] :
where e ij (x, t) and J ij (x, t) are the charge and the current per unit length on the surface of the inner conductor of a coaxial cable. The potential dierence U ij (x, t) between the conductors of a cable is given by
where V ij 1 (x, t) and V ij 2 (x, t) are the potentials of the inner and the outer conductors of a coaxial cable and C is the capacitance per unit length of a cable. The spatial derivative of (2) gives [13] :
where Z is the impedance per unit length. Calculation of the second spatial derivative of U ij (x, t) leads to the
Using Eqs. (1) and (2), Eq. (4) can be transformed to
For a monochromatic wave propagating along the cable e ij (x, t) = exp(−iωt)e ij (x) and U ij (x, t) = exp(−i ωt)U ij (x), where the angular frequency ω = 2πν and ν is the microwave frequency. The impedance per unit length is in this case Z = R − i ωL/c 2 , where R and L denote the resistance and the inductance per unit length, respectively, and c is the speed of light in a vacuum. For an ideal lossless cable with the resistance R = 0
Eq. (5) leads to the telegraph equation on the microwave
where ε = LC [14] . The continuity equation for the potential dierence requires that for
L ij represents the length of the bond joining the i-th and the j-th vertex of the network. The element C ij of the N × N connectivity matrix of a network takes the value 1 if the vertices i and j are connected and 0 otherwise.
The current conservation condition imposing the Neumann vertex boundary condition may be written in the
where
Assuming the following correspondence: 
Moreover, Eqs. (7) and (8) are equivalent to the equations derived in [15] for quantum graphs with the Neumann boundary conditions.
Various spectral and scattering properties of microwave networks simulating quantum graphs have been studied so far [11, 1620] . One should point out that the introduction of one-dimensional microwave networks simulating quantum graphs increases greatly the number of systems which are used to verify wave eects predicted on the basis of quantum physics [2127] . The other systems used for this purpose include e.g., two-dimensional and three-dimensional microwave chaotic billiards and experiments with highly excited hydrogen and helium atoms. Experiments for two-dimensional microwave systems were pioneered by [28] and further developed by 
In the case when the networks are isoscattering and dissipative the phases log det(S I (ν)) = log det(S II (ν)) . (12) and the modulus of the determinants (amplitude)
of their scattering matrices should be equal for all values of frequency. In order to measure the two port scattering matrix S(ν) the networks were connected to an Agilent E8364B vector network analyzer (VNA) via leads (Fig. 1) .
Results
The moduli and phases of the determinants determined by blue open circles in Fig. 3 . In Fig. 3 we also show 
Conclusions
We presented the results conrming the theoretical prediction on the impossibility of the determination of the geometry of a quantum graph in the scattering experiment. We also showed that modications of the boundary conditions of the networks severely destroy their isoscattering features. It is worth to mention that microwave networks can be successfully used to investigate properties of any quantum graphs, also with highly complicated topology, showing a great research potential of quantum simulations based on microwave systems.
